Definitions and notations
Let n be an integer greater than 2.
Definition 1. A n-die is an increasing sequence of non-negative integers D = (f 1 , f 2 , . . . , f n ) and, for i ∈ {1, 2, . . . , n} f i is the ith face of D. We denote by D n the set of all n-dice.
If σ ∈ N, a (σ, n)-die is a n-die D = (f 1 , f 2 , . . . , f n ) such that
We denote by D n (σ) the set of all (σ, n)-dice.
. . , f ′ n ) be two dice. We denote by γ(D, D ′ ), respectively η(D, D ′ ) the number of time D rolls higher than D ′ , resp. D is equal to D ′ , when looking at all possible issues of rolling the two dice at the same time. In other words,
We then denote by ∆(D, D ′ ) = γ(D, D ′ ) − γ(D ′ , D) the differential between the two dice. Finally, we set the following notations
Be aware that, in general, ≺ is not a partial order on D n or even D n (σ) when σ > 2. The next proposition gives some easy properties.
Proposition 3. Let D and D ′ be two n-dice.
2 An unbeatable die and the worst die Let D 0 = (0, 1, 2, 3, . . . , n− 1). We have D 0 ∈ D n n(n−1) 2 and we are going to see that D 0 is unbeatable
Then D D 0 and D ∼ D 0 if and only if, for all i ∈ {1, 2, . . . , n}, f i ≤ n − 1.
Proof. In this context, we have
In particular,
Moreover,
Hence, by Proposition 3,
In particular, γ(D 0 , D) ≥ γ(D, D 0 ). Proof. Let
Then we have that ∆(D, D p,q ) = ∆( D, D 0,n−1 ) and the result follows from Proposition 4.
Florian Galliot suggested another nice argument for the fact that for any n-die D ∈ D n n(n−1) 2 with faces in {0, . . . , n − 1} we have D ∼ D 0 . First you need to notice the following fact.
Proposition 6. Let D = (f 1 , f 2 , . . . , f n ) ∈ D n be such that for all i, 0 ≤ f i ≤ n−1. Let i 0 , j 0 ∈ {1, . . . , n} and set D = (f 1 , . . . , f i0 + 1, . . . , f j0 − 1, . . . , f n ).
If f i0 ≤ n − 2 and f j0 ≥ 1, then ∆(D, D 0 ) = ∆( D, D 0 ).
Proof. We have
and η(D, D 0 ) = n = η( D, D 0 ). Thus, by Proposition 3, we also have γ(D 0 , D) = γ(D 0 , D). Therefore ∆(D, D 0 ) = ∆( D, D 0 ).
Corollary 7. Let D = (f 1 , f 2 , . . . , f n ) ∈ D n n(n−1) 2 be such that for all i, 0 ≤ f i ≤ n − 1.
Proof. Let X be the set of all n-die D = (f 1 , f 2 , . . . , f n ) ∈ D n n(n−1) 2 such that for all i ∈ {1, 2, . . . , n}, 0 ≤ f i ≤ n−1. One can notice that, for any D ∈ X there exists a sequence of dice D 0 = X 0 , X 1 , X 2 , . . . , X r = D such that for all i ∈ {1, 2, . . . , r − 1}, X i ∈ X and that X i+1 is obtained from X i by adding 1 on one face and subtracting one to another one (but i so that it stays in X). Then, by the previous Proposition, ∆(D, D 0 ) = ∆(D 0 , D) = 0.
We finish this section by giving the worst die. Notice that the existence of such a die doesn't depends on the fixed value for the sum of the faces.
Proposition 8. Let σ ≥ 2. Set D w = (0, 0, . . . , 0, σ) ∈ D n (σ) and let D ∈ D n (σ) {D w }.
If n ≥ 3, then D ≻ D w .
